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1. INTRODUCTION
The aim of this paper is to give a computer-free construction of the
sporadic simple group He. In fact the construction should ﬁt into a more
general pattern. So what we aim to do is to construct sporadic simple groups
by embedding them into some linear group, which means embedding some
amalgam into the linear group or some geometry into some vector space.
By now there are various examples for this (see [Ba, IvMei, Ja1, Str]).
Here we try to embed He into GL51 11. In [MS] Mason and Smith
showed the existence of an irreducible 51-dimensional module over the
ﬁeld with two elements. In fact in [Hrabe] Hrabe de Angelis used this to
give a construction, but a computer was used. We will choose the ﬁeld
with 11 elements, which seems to be best suited, as representations are
completely reducible for He. In fact in their paper Mason and Smith used
the fact that the complex 51-dimensional representation can be written over
ζ, where ζ = 1+√−7/2. As the minimal polynomial x2 − x − 2 is
reducible over GF11, we get a representation over this ﬁeld too, using
the same arguments as in [MS]. It is known [RS] that the group He acts on
a certain geometry with diagram ◦ ◦ ˜ ◦. By a result of Heiss [Hei]
this together with slightly more information classiﬁes the group He. So what
we try to do is to embed this amalgam into the group GL51 11. Now it
becomes clear why we have chosen the prime 11. This is the smallest prime
which does not show up in the parabolics of this geometry. So we have
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that the module is completely reducible for all parabolics, which makes life
much easier when we have to embed them into GL51 11.
Let V be the 51-dimensional vector space. We ﬁrst start with the
parabolic G1 = E1 · 36. As E1 is elementar abelian of order 64, we see
that 
VE1 is 45-dimensional and the action of 36 on the 45 basis vectors
is as on the corresponding orbit in E1. Now as this is not unique we have
to take into consideration the fact that some elements of E1 are conjugate
to some elements in G1\E1 under the action of the other parabolics. This
then gives the representation on the 45-dimensional module. Now we add
the action of 36 on the 6-dimensional module to get an embedding of G1
into GL51 11.
Next we try to embed G3 = F · L32 into GL51 11, where F is
extraspecial of order 128. We have the embedding of G1 ∩G3 and all we
have to add is the action of an element of order three. So we investigate
CV F which is 6-dimensional, as we know from the embedding of G1.
Unfortunately there are many possibilities of adding an element of order
three such that the action on this 6-dimensional module is one of L32.
We were not able to check all of them. So we decided to choose just one
of them. We checked several; they all seem to lead to a group He.
Now we have some subgroup G of GL51 11 which should be He.
Using the extra information mentioned above, we get another group G4 =
E4 · 36; in fact we have matrices and can write down this group. In both
groups we choose a subgroup 265 and let H be the group generated by
those groups. Then we see that H has a subgroup H1 of index two. Now
choosing the right elements in H1 we get the Weyl group of type B2 and
so we see that H1 ∼= Sp4 4. Hence we have found in G a subgroup
Sp4 4  2. Higman and McKay [MK] originally constructed the group on
the cosets of this subgroup. So this group seems to be the key to He. Now
we construct a graph  whose vertices are the conjugates of H. For this we
choose a suitable element x in G1\H; then H ∩Hx is a Borel subgroup of
H. We introduce edges in the graph if the two vertices share a common
Borel subgroup. Hence locally  is the ﬂag space of a generalized 4-gon. In
fact in their construction Cuypers et al. [CB] used a slightly different graph
also on the conjugates of H. But to identify the group He at the end they
used the classiﬁcation of the ﬁnite simple groups. Their problem was that
they constructed the automorphism group of He and at the end they had
to prove that their group has a subgroup of index two. In fact the auto-
morphism group of this graph is AutHe. What will help us is the fact
that the ﬁxed space of H in V is 1-dimensional. So we can identify H with
some vector. Now all further calculations on  will be done in V by using
concrete vectors, and V admits He but not AutHe.
Next we determine the orbits of H on . We show that there are at
least ﬁve of them which are exactly those arising in He acting on the cor-
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responding graph. Then we determine the suborbits. Here we are lucky
as almost all of them can be found in the ﬁxed point space of a certian
element on the module. Hence we end with a graph which has the right
size. Just H acts on this graph. Next we show that in fact G acts on it by
determining the action of one particular element (called x3). What is left is
to prove that the group, which now acts on 2058 vectors, is in fact the group
He. For this we ﬁrst show that G has the right order. Now the stabilizer X
of H in G acts on the neighbors of H in . We can see that we can intro-
duce on this neigborhood the structure of a generalized 4-gon on which X
has to act type perserving. This shows that X = H and so G = He. Now
it is easy to see that G is simple, the centralizer of a 2-central involution
is isomorphic to G3, and the additional properties that the normalizers of
the elementary abelian normal subgroups of order 16 in G3 are just G3,
which by Held’s paper [Held] we may and will choose as the deﬁnition of
the group He.
The problem is the calculations which will be done in the vectorspace.
Sometimes we have to apply group elements to vectors. By the choice of our
basis at the begining most of the matrices are close to permutation matrices
(up to signs). So for these it is easy to calculate images. Nevertheless we
have to make sure that when we represent the vectors we work with as
linear combinations of the basis vectors, not very many show up. Otherwise
calculation would become too complicated. Altogether we work with only
70 vectors and all calculations can be made easily by hand; just a few are a
little bit tedious.
2. A SUBGROUP OF GL51 11
The aim of this section is to set up the matices which eventually generate
a group He.
Deﬁnition 2.1. A group G is called Held type or He if G possesses an
involution i such that
(1) CGi is a split extension of an extraspecial group F of order
27 by L32. Furthermore F/ZF is a direct sum of two 3-dimensional
L32-modules.
(2) There are two elementary abelian subgroups F1, F2 of order 16,
which are normal in CGi and NGF1 = CGi = NGF2.
(3) G is simple.
In this paper we will show that a group of Held type exists. If there
is such a group, then in [Held] it is shown that there is an elementary
abelian group E1 of order 26 such that NGE1 is a split extension of E1
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by 36. Hence we get a parabolic system which belongs to
1◦ 2◦ ˜ 3◦.
This is the information we will start with. This means we have subgroups
P1, P2, P3, and B, where B = 210, B = P1 ∩ P2 ∩ P3, Pi/O2Pi ∼= 3, and
G1 = P2 P3 = E1 · 36 E1 is elementary abelian of order 26
G3 = P1 P2 = F · L32 F is extraspecial of order 27
G2 = P1 P3 = P1P3 where G2/O2G2 = 3 × 3
We will start with the group G1. Let E1 have generators e1, e2, e3, e4, e5,
and e6. Further we have generators and relations for 36 as follows:
x1 x2 x3 x4  x21 = 1 = x22 = x23 = x24 
x2 x3 = x1
and x4 commutes with all xi
This is just a Sylow 2-subgroup. Now we add two elements t1 and t2 which
both generate together with xi the groups Z2 × 4.
t31 = 1 = t32  xt11 = x2 xt12 = x1x2 tx31 = t−11  
t1 x4 = 1
x
t2
1 = x3 xt23 = x1x3 tx22 = t−12  
x1x4 t2 = 1
The element of order three in the center of 3A6 will be denoted by r.
It commutes with t1, t2, x1, x2, x3, and rx4 = r−1. In fact we could get r by
r = x3x4t1x2x1x4t24
But this will be of no real importance in this paper.
Next we give the action of 36 on the group E1. We will give the matrices
with respect to the basis above,
t1 =


0 0 1 0 0 0
0 0 0 1 0 0
1 0 1 0 0 0
0 1 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1


t2 =


1 0 0 0 0 0
0 1 0 0 0 0
0 1 0 0 1 0
1 1 0 0 0 1
0 0 1 0 1 0
0 0 0 1 0 1


x1 =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
1 0 0 0 1 0
0 1 0 0 0 1


x4 =


0 1 0 0 0 0
1 0 0 0 0 0
0 0 0 1 0 0
0 0 1 0 0 0
0 0 0 0 0 1
0 0 0 0 1 0


All this information can also be found in [Hei].
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Next we introduce the vectorspace V with basis v1 v2     v51 over
GF11. We study the action of G1 on V . First of all we have that
G1 induces on the hyperplanes of E1 two orbits of length 18 and 45.
For a possible group of Held type we have to ﬁnd the dimension of

VE1. The orbit sizes show that 
VE1 is either of dimension 45, 18,
or 36.
Let 
VE1 be of dimension 18 or 36. Then we see that for i ∈ ZG3,
we get 
V i of dimension 8, 16, or 24. Now it is easy to see that G can be
generated by 5 conjugates of i, so 
V i has dimension at least 16. Let H
be a hyperplane with CV H = CV E1. Using the action of r we get some
H1 < H, H1 = 16, on which r acts. Now as E1 just contains 18 involu-
tions not conjugate to i, we see that H1 has to contain a fours group W
consisting of conjugates of i. In particular C
VE1W  = 1. This shows that
V i cannot be of dimension 24. So we have that it is of dimension 16.
Now we switch to the group G3. Here we ﬁnd some elementary abelian
subgroup E of order 16 which is normal in G3 such that E ∩ E1 = 8. We
have that CV i is of dimension 35. Now we have that G3 acts transitively
on the 8 complements of i in E. Let X be one such complement; then
C
V iX is of dimension 2. As X is normalized by L27 in G3, we see
that any fours group in X centralizes a subspace of dimension 4 in 
V i.
So any involution centralizes a subspace of dimension 8 in 
V i. Hence, as
all these involutions are conjugate to i, they all have a commutator space
of dimension 8 on CV i. Hence, for such a fours group we have that the
centralizer in CV i is of dimension 23. This then shows that CCV iX is of
dimension 21. So as CV E1 ≤ CV E1 ∩E, we see that CV E1/CCV E1E
is of dimension at most two. Let E˜ be the second elementary abelian sub-
group of order 16 normal in G3. As the representation of L27 on X is
dual to the one on E˜/i and GL2 11 does not contain A4, we get that

CV iX E˜ = 1. So we get again that 
CV E E˜ is of dimension 14 and
CV F is of dimension 7. Now choose a conjugate j in the complement
L27. This complement induces 3 modules of dimension 14 in V . Now
we get that the dimension of the commutator of j with the 14-dimensional
module is at least 4, since with CV F it is at most 6. So we get in fact that
it is 4 and so 
CV F j is of dimension 4 too. As there is a fours group of
such involutions in L27, we see that the centralizer of such a fours group
is 1-dimensional and so CV B is at most 1-dimensional. But now we know
that CV E ∩ CV E1 is at least 13-dimensional and as G1 is generated by
5 conjugates of E (6 is generated by 5 involutions), we get that CV G3 is
of dimension at least 5, a contradiction.
So we have shown that 
VE1 is of dimension 45. Now we embed G1
into GL51 11 with 
VE1 of dimension 45. For this we choose the basis
such that v1     v45 generates 
VE1 and v46     v51 generates CV E1.
To make things easier, we will not write the elements as matrices but as
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permutations. So

Ve1=v6v9v10v11v15v16v18v19v20v22v24v26v27v28v29
v30v31v33v34v39v40v41v42v44
x1=v6v9v10v29v11v15v14v36v16v20v17v23v18v33
v19v24v21v43v22v30v25v35v26v40v27v41v28v42
v31v44v32v45v34v39v37v38
x2=v2v3v7v12v8v13v10v28v11v15v14v32v18v19
v21v38v22v30v24v33v25v35v26v27v29v42v31v34
v36v45v37v43v39v44v40v41
x3=v6v15v9v11v10v31v14v37v16v30v17v35v18v26
v19v41v20v22v21v32v23v25v24v27v28v39v29v44
v33v40v34v42v36v38v43v45
x4=v4v5v7v8v10v32v12v13v14v28v16v17v18v40
v21v31v22v25v24v27v26v33v29v45v30v35v34v38
v36v42v37v39v43v44
t1=v2v9v11v3v6v15v7v20v22v8v23v25v10v21v24
v12v16v30v13v17v35v14v39v41v18v29v38v19v28v37
v26v36v44v27v32v31v33v42v43v34v40v45
t2=v1v2v3v4v7v12v5v8v13v6v18v19v9v26v27
v10v30v39v11v33v41v14v32v23v15v40v24v16v42v29
v17v37v43v20v34v31v21v35v36v22v28v44v25v38v45
r=v1v5v4v2v8v7v3v13v12v6v17v16v9v23v20
v10v24v21v11v25v22v14v34v26v15v35v30v18v37v42
v19v43v29v27v32v31v28v33v38v36v39v40
v41v45v44
Next we try to determine the action of 36 on CV E1. In principle there
are two possibilities. If r acts ﬁxed point freely, then this will become an
irreducible module. If not, it will be a direct sum of a 1-dimensional mod-
ule with a 5-dimensional one. Again we have to ﬁnd out what happens
in a possible group of Held type. We have that the two normal elemen-
tary abelian groups of order 16 in G3 are (at least following [Hei] we can
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choose notation in that way)
e1e2 e3e4 e1e5e6 x1x4 and e1e2 e2 e3e4x1 e1e5e6x3
Now the eigenspace of the eigenvalue 1 of e1e2 on V is 27-dimensional,
while the eigenspace of the eigenvalue 1 of e3e4x1 on 
E1 V  is
23-dimensional. As e1e2 is conjugate to e3e4x1 in G (see [Held]), we
have that on the 6-dimensional module CV E1, e3e4x1 and so x1 has to
have a 4-dimensional eigenspace for the eigenvalue 1. Now just check-
ing the matrices on the two possible modules shows that we must have a
1-dimensional module and a 5-dimensional module. Hence, in particular r
acts trivially on CV E1. Further we are able to describe the elements in
A6. We just let them permute the basis vectors; i.e,
x1=v48 v50v49 v51
x2 =v48 v49v50 v51
x3=v46 v47v49 v51
t1=v48 v51 v49
t2 =v46 v48 v49v47 v50 v51
Hence, the 1-dimensional space ﬁxed by A6 is
v46 + v47 + v48 + v49 + v50 + v51
The last remaining question will be if x4 inverts this space or centralizes
it. Again we consider a possible group of Held type. Set F1 = F ∩G′1. Then
we can calculate that the set of ﬁxed points of F1 in V is 6-dimensional. Fur-
ther we have that the ﬁxed points of F in 
VE1 are v1 v2 v3, of dimen-
sion three and t2 ∈ G1 ∩G3 acts nontrivially on this space. But then the
L32 in G3 acts nontrivially on the set of ﬁxed points of F ; i.e., this set is
of dimension 6 and so is the same as that of F1. In particular, x4 centralizes
this space, which yields that x4 centralizes v46 + v47 + v48 + v49 +v50 + v51.
So we may assume that
x4 = v46 v47
Next we determine the action of G3. In fact the action of G1 ∩ G3 is
known. So all we have to add is the action of a new element m of order 3.
We will choose m such that it satisﬁes the relations
e5e6m = x4 xm4 = e5e6x4 
x3e5e6m = 1 = 
e3e4m = 
e1e2m
em3 = e1e2x2 em1 = e1e2e3e4x1 xm1 = e2x1 xm2 = x2e4
t2m3 = x4x1e2e3e4e5e6 me6 = m−1
Further from the geometry (the parabolic G2) we may choose m with

t1m = 1.
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We start with the action of m on CV F, which is an irreducible
6-dimensional module for L32. The matrices are given and so we just have
to produce some matrix, which on this module satisﬁes the relations with e4,
e6, x2, and t2. We have CV F = v1 v2 v3 v46 + v47 v48 + v50 v49 + v51.
So, just by checking, the relations are satisﬁed by


5 0 0 9 4 4
0 6 5 0 6 5
0 6 5 0 5 6
1 0 0 8 8 8
6 6 6 9 10 10
6 5 5 9 10 10


Here one has to say that if one tries to calculate m just by using the rela-
tions, one gets a set of equations which have plenty of solutions. We just
have choosen one. There are others, which probably work as well.
As t1 commutes with m we also get the action of m on
v6 v9 v11 v15 v50 + v51 v48 + v51 v48 + v49 v49 + v50
This gives that we have the action on
v1 v2 v3 v6 v9 v11 v15 v46 + v47 v48 v49 v50 v51
With this basis we get


5 0 0 0 0 0 0 9 4 4 4 4
0 6 5 0 0 0 0 0 6 5 6 5
0 6 5 0 0 0 0 0 5 6 5 6
0 0 0 5 6 0 0 0 6 6 5 5
0 0 0 5 6 0 0 0 5 5 6 6
0 0 0 0 0 6 5 0 5 6 6 5
0 0 0 0 0 6 5 0 6 5 5 6
1 0 0 0 0 0 0 8 8 8 8 8
3 3 3 8 8 8 8 10 5 5 5 5
3 8 8 8 8 3 3 10 5 5 5 5
3 3 3 3 3 3 3 10 5 5 5 5
3 8 8 3 3 8 8 10 5 5 5 5


Now we are able, using the relations in G1 to determine the action
of m on
CV e1e2 = v1 v2 v3 v4 v5 v6 v7 v8 v9 v11 v12 v13 v15 v18 v19 v24
v26 v27 v33 v40 v41 v46 v47 v48 v49 v50 v51
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This gives

5 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 9 9 4 4 4 4
0 6 5 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 5 6 5
0 6 5 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 5 6 5 6
0 0 0 6 5 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 9 0 0 0 0
0 0 0 6 5 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 9 2 0 0 0 0
0 0 0 0 0 5 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 6 5 5
0 0 0 0 0 0 0 0 0 0 0 0 0 1 10 1 10 1 10 1 10 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 10 10 1 1 1 1 10 10 0 0 0 0 0 0
0 0 0 0 0 5 0 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 5 5 6 6
0 0 0 0 0 0 0 0 0 6 0 0 5 0 0 0 0 0 0 0 0 0 0 5 6 6 5
0 0 0 0 0 0 0 0 0 0 0 0 0 1 10 1 1 10 10 10 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 10 1 1 10 10 10 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 6 0 0 5 0 0 0 0 0 0 0 0 0 0 6 5 5 6
0 0 0 0 0 0 7 4 0 0 7 4 0 3 3 3 8 8 3 8 8 0 0 0 0 0 0
0 0 0 0 0 0 7 7 0 0 7 7 0 8 8 8 8 8 8 8 8 0 0 0 0 0 0
0 0 0 0 0 0 7 7 0 0 7 7 0 3 3 3 3 3 3 3 3 0 0 0 0 0 0
0 0 0 0 0 0 4 7 0 0 7 4 0 8 3 3 3 8 8 3 8 0 0 0 0 0 0
0 0 0 0 0 0 7 7 0 0 4 4 0 8 3 3 8 3 8 8 3 0 0 0 0 0 0
0 0 0 0 0 0 7 4 0 0 7 4 0 8 8 8 3 3 8 3 3 0 0 0 0 0 0
0 0 0 0 0 0 4 7 0 0 7 4 0 3 8 8 8 3 3 8 3 0 0 0 0 0 0
0 0 0 0 0 0 7 7 0 0 4 4 0 3 8 8 3 8 3 3 8 0 0 0 0 0 0
6 0 0 7 7 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 4 4 4 4 4 4
6 0 0 4 4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 4 4 4 4 4 4
3 3 3 0 0 8 0 0 8 8 0 0 8 0 0 0 0 0 0 0 0 10 10 5 5 5 5
3 8 8 0 0 8 0 0 8 3 0 0 3 0 0 0 0 0 0 0 0 10 10 5 5 5 5
3 3 3 0 0 3 0 0 3 3 0 0 3 0 0 0 0 0 0 0 0 10 10 5 5 5 5
3 8 8 0 0 3 0 0 3 8 0 0 8 0 0 0 0 0 0 0 0 10 10 5 5 5 5


Now with the action of t1 we get the action of m on V . So we have the
amalgam represented on a 51-dimensional vector space.
Using these matrices, we will make some observations which will be helpful
for the remainder of the paper. First we introduce some notation. We set
T = E1 x1 x2 x3 x4
Set G4 = T r t1m. Then we see that E2 = e1 e2 e3 e4 x1 x2 is nor-
mal in G4. Further, E2 t1 is normal in G4. Finally modulo this group, we
have the relations, which look like those of Sp42 besides the Weyl rela-
tion. For this we take the elements w1 = x4x3re6 and w2 = e5x3m. Then
calculating with the two matrices shows w1w24 = t1. Hence we have that
G4/E2 ∼= 36. In fact this is basically just a check whether we have chosen
the right matrices, as in [Held] it was proven that in a group of Held type
we must have NE4/E4 ∼= 36.
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As we like to prove that our matrix group is the Held group, we would
like to ﬁnd the subgroup Sp4 4  2. If there is such a subgroup the
parabolics are in G1 and G4. So what we have to do is to produce sub-
groups EiA5 × Z3  2, i = 1 2, sharing a Sylow 2-subgroup in G1, G4,
respectively. We deﬁne
X1 = E1 x1 x2 x3x4 r  t1 s1
where
s1 = x3tt2x1x21 
and
X2 = E4 e5 e6 x3x4 r t1 s2
where
s2 = x4r−1me6e5e6 
We have that both s1 and s2 are contained in Nr t1. Now we again
check by using the matrices that os1s2 = 4 and so s1 s2 is dihedral of
order 8. Hence we have that
X = E1 E2 r t1 s1 s2 ∼= Sp4 4
and
Xx3x4 ∼= Sp4 4  2
The latter group will be used in the next section to deﬁne a graph  on
which our group will act. Now we set up ﬁnal notations.
• G will be the group deﬁned by the matrices above. So G is a sub-
group of GL51 11.
• X = E1 E4 r t1 s1 s2 x3x4.
• B = X ∩Xx3 = E1 E2 r t1 x3x4. So B is a Borel subgroup of X.
• S = E1E4x3x4; hence, S is a Sylow 2-subgroup of X.
As we will do some calculation using s1 and s2, we will give the matrices
for the convenience of the reader. Here the matix for s1 is very simple while
the one for s2 is more involved, but still has enough zeros to work with. We
again describe s1 as a permutation on the basis vectors:
s1 = v1 v24v2 v41v4 v10v5 v21v6 v30v7 v44v8 v45v9 v36
v11 v34v14 v22v15 v17v16 v35v18 v28v20 v40v23 v39
v25 v26v33 v37v38 v42v47 v50v49 v51
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s2 will be given by the matrix


9 0 0 8 8 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 9 9 9 9
0 6 5 0 0 0 0 0 0 0 0 0 0 0 0 0 0 10 1 0 0 0 0 1 0 0 0 0 0 0 0 0 10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 5 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 10 1 0 0 0 0 1 0 0 0 0 0 0 0 0 10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
8 0 0 8 9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 9 9 9 9
8 0 0 9 8 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 9 9 9 9
0 0 0 0 0 6 0 0 5 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 10 0 0 0 0 0 0 0 0 0 0 0 0 10 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 10 10 0 0 0 0 0 5 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 5 0 0 0 6 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 10 1 0 0 0 0 10 0 0 0 0 0 0 0 0
0 0 0 0 0 5 0 0 6 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 10 0 0 0 0 0 0 0 0 0 0 0 0 10 0 0 0 0 0 0 0 0 0
0 0 0 0 0 7 7 0 7 3 0 7 0 0 0 0 0 0 0 0 0 0 0 0 7 0 0 3 3 0 0 0 0 0 7 0 0 0 0 0 0 3 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 6 0 0 0 5 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 10 0 0 0 0 10 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 5 0 0 10 10 0 0 0 0 0 6 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 0 0 0 5 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 10 1 0 0 0 0 10 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 3 0 0 0 0 0 0 0 0 0 0 0 8 8 0 0 0 8 3 0 8 0 8 0 0 3 3 3 0 0 3 8 0 0 4 4 7 7
0 0 0 0 0 0 0 0 0 0 5 0 0 0 6 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 10 0 0 0 0 10 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 5 0 0 0 0 6 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 10 10 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 10 0 0 5 0 1 0 0 0 0 0 6 0 0 10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 4 4 0 0 0 0 0 0 0 0 0 0 0 0 0 7 3 3 0 0 4 7 3 0 0 0 0 0 4 0 0 3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 7 7 0 0 0 0 0 0 0 0 0 0 0 0 0 4 3 3 0 0 4 4 3 0 0 0 0 0 4 0 0 3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 6 0 0 0 0 5 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 10 10 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 7 0 0 7 0 7 0 7 7 0 0 0 7 3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3 3 0 0 0 0 3 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 5 10 10 0 0 0 6 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 10 0 0 6 0 1 0 0 0 0 0 5 0 0 10 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 7 7 0 0 0 0 0 0 0 0 0 0 0 0 0 7 3 3 0 0 7 7 3 0 0 0 0 0 7 0 0 3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 6 0 0 1 0 5 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 10 1 0 0 0 0 0 0 0 0 0 0 0 0 10 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 8 0 0 0 0 0 0 0 0 0 0 0 3 8 0 0 0 8 3 0 3 0 8 0 0 3 3 8 0 0 8 3 0 0 7 4 7 4
0 0 0 0 0 0 0 0 0 0 0 0 0 8 0 0 0 0 0 0 0 0 0 0 0 8 3 0 0 0 3 3 0 8 0 8 0 0 8 8 3 0 0 3 3 0 0 7 4 7 4
0 0 0 0 0 7 4 0 7 3 0 4 0 0 0 0 0 0 0 0 0 0 0 0 4 0 0 3 3 0 0 0 0 0 4 0 0 0 0 0 0 3 0 0 0 0 0 0 0 0 0
0 0 0 0 0 4 4 0 4 3 0 4 0 0 0 0 0 0 0 0 0 0 0 0 7 0 0 3 3 0 0 0 0 0 7 0 0 0 0 0 0 3 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 6 10 10 0 0 0 5 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 8 0 0 0 0 0 0 0 0 0 0 0 8 3 0 0 0 3 3 0 8 0 3 0 0 3 3 8 0 0 8 8 0 0 4 7 7 4
0 0 0 0 0 0 0 0 0 0 0 0 0 3 0 0 0 0 0 0 0 0 0 0 0 3 3 0 0 0 3 3 0 3 0 8 0 0 8 8 8 0 0 8 8 0 0 4 4 7 7
0 4 4 0 0 0 0 0 0 0 0 0 0 0 0 0 4 3 3 0 0 7 4 3 0 0 0 0 0 7 0 0 3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 8 0 0 0 0 0 0 0 0 0 0 0 3 8 0 0 0 8 3 0 3 0 3 0 0 8 8 3 0 0 3 8 0 0 4 7 7 4
0 0 0 0 0 0 5 0 0 1 0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 10 1 0 0 0 0 0 0 0 0 0 0 0 0 10 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 8 0 0 0 0 0 0 0 0 0 0 0 8 8 0 0 0 3 8 0 3 0 3 0 0 8 3 3 0 0 8 3 0 0 4 4 7 7
0 0 0 0 0 0 0 4 0 0 7 0 4 0 7 4 0 0 0 4 3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3 3 0 0 0 0 3 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 7 0 0 4 0 7 0 4 4 0 0 0 4 3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3 3 0 0 0 0 3 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 3 0 0 0 0 0 0 0 0 0 0 0 3 8 0 0 0 3 8 0 8 0 8 0 0 3 8 3 0 0 8 3 0 0 4 7 7 4
0 0 0 0 0 0 0 0 0 0 0 0 0 3 0 0 0 0 0 0 0 0 0 0 0 3 8 0 0 0 3 8 0 8 0 3 0 0 8 3 8 0 0 3 8 0 0 7 4 7 4
0 0 0 0 0 0 0 0 0 0 0 0 0 3 0 0 0 0 0 0 0 0 0 0 0 8 3 0 0 0 8 8 0 3 0 3 0 0 3 8 3 0 0 8 8 0 0 7 4 7 4
0 0 0 0 0 4 7 0 4 3 0 7 0 0 0 0 0 0 0 0 0 0 0 0 4 0 0 3 3 0 0 0 0 0 4 0 0 0 0 0 0 3 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 4 0 0 4 0 4 0 4 7 0 0 0 7 3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3 3 0 0 0 0 3 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 3 0 0 0 0 0 0 0 0 0 0 0 8 3 0 0 0 8 8 0 3 0 8 0 0 8 3 8 0 0 3 3 0 0 4 7 7 4
0 0 0 0 0 0 0 0 0 0 0 0 0 8 0 0 0 0 0 0 0 0 0 0 0 3 3 0 0 0 8 8 0 8 0 3 0 0 3 8 8 0 0 3 3 0 0 4 4 7 7
1 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 4 0 8 8 8 8
5 0 0 5 5 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 4 1 7 7 7 7
7 0 0 7 7 0 0 0 0 0 0 0 0 5 0 0 0 0 0 0 0 0 0 0 0 6 6 0 0 0 5 5 0 5 0 5 0 0 5 6 6 0 0 5 5 10 0 4 4 4 4
7 0 0 7 7 0 0 0 0 0 0 0 0 5 0 0 0 0 0 0 0 0 0 0 0 5 5 0 0 0 6 5 0 6 0 5 0 0 6 5 5 0 0 6 5 10 0 4 4 4 4
7 0 0 7 7 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0 6 6 0 0 0 6 6 0 6 0 6 0 0 6 6 6 0 0 6 6 10 0 4 4 4 4
7 0 0 7 7 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 0 0 0 5 5 0 0 0 5 6 0 5 0 6 0 0 5 5 5 0 0 5 6 10 0 4 4 4 4


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3. THE GRAPH 
In this section we will deﬁne a graph  on which G acts. The vertices
of  are just the conjugates of X and two vertices are on an edge iff they
share a Borel subgroup. We will study this graph and ﬁnally show that it has
exactly 2058 vertices. First of all we need some properties of the group X.
Lemma 3.1. Let X ∼= Sp4 4  2. Then the following hold:
(i) Let U ∼= A4 ×A5  2 be a subgroup of X and let H be a maximal
subgroup, which contains U ; then H is a parabolic or H ∼= A5  Z2  2.
(ii) If i is an involution in X\X ′, then CXi ∼= Z2 × 6 and CXi is
a maximal subgroup.
Proof. See [Atlas].
Lemma 3.2. Let X = Sp4 4  2 and let & be the set of maximal ﬂags in
the symplectic 4-gon. Then & = 425.
(i) Let ω ∈ &. Then Xω induces orbits of length 1, 4, 4, 16, 16, 64,
64, and 256 on &.
(ii) Let i be a ﬁeld automorphism in X and H = CXi. Then H
has orbits of length 30, 30, 45, 80, 120, and 120 on &. Let ν ∈ & and let
νH  = 120; then Hν ∼= Z2 × 3 and i ∈ Hν.
(iii) Let H be one of the two subgroups &+4 4 in X; then H induces
orbits of length 50, 75, and 300 on &.
Proof. (i) is [CB, (2.9)], (ii) is [CB, (2.7)], and (iii) is [CB, (2.5)].
We see immediately that X has a unique ﬁxed point
w1 = v47 + v48 + v49 + v50 + v51
in V . Hence we might and will determine wG1 . One neighbor w2 will be
w
x3
1 = v46 + v48 + v49 + v50 + v51
So we have the 425 neighbors wX2 . Next we set
w3 = wt2r
m−1
1 = 5v1 + 6v4 + 6v5 + 6v10 + 6v18 + 5v19 + 6v21 + 5v24 + 6v28
+ 5v29 + 6v33 + 6v37 + 5v38 + 5v42 + 5v43 + v46
+ 5v47 + v48 + v49 + v50 + v51
We look for elements in X ﬁxing w3 and ﬁnd easily.
G13 = e1e2e3 e1e4 e1e2x1 e2x2 x3x4 e1e5r e2t1 s1 s2t1e5e6e1
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Only the last one is not so easy to see. In fact, if we drop the last gener-
ator, we see that we get a group A4 ×A5  2. Hence the structure of X
(Lemma 3.1(i)) tells us that G13 is either a parabolic or A5  Z2  2. In
the former e1e2e3 e1e4 would be normal in G13 which is not the case. As
G13 is a maximal subgroup of X, we get a new X-orbit w
X
3 of size 136.
Next set
w4 = wmt
−1
1
t−12
1 = 7v41 + 4v44 + 4v45 + 2v46 + 2v49 + 2v50 + 2v51
Again we try to determine the stabilizer of w4 in X. We ﬁnd that
G14 = e2e3 e1e2e4 e1e5 e2e6 s2 e1r e1x2t1 x3x4 sx11 
A4 ×A5  2 is the group we get, if we drop the last generator. Now we
have the same question to answer as before and we get G14 ∼= A5 Z2  2.
The basic question will be if w4 is in the same X-orbit as w3. But if we
could conjugate G13 to G14 in X we could conjugate the subgroups A5 and
so we could conjugate e1e4 e1e2e3 to e2e3 e1e2e4 in X. But these are
different root groups, as the ﬁrst one is normal in X1 while the second one
is normal in X2. So we have a further orbit w
X
4 of size 136.
Now set
w5 = wt2mt21 = 8v1 + 10v2 + 8v3 + 3v18 + 3v26 + 3v33 + 3v40 + v46
+ v47 + 5v48 + v49 + 5v50 + v51
Again we try to determine the stabilizer.
G15 = e1e2 e1e3e4 e1e5e6 x1 x3x4 sx21 e1e5 e3x2s2
The ﬁrst ﬁve generators are seen easily. When we look into
CXie1e3e4x1x3x4, i = 1 2, we will ﬁnd the other two elements. Both
groups are of order 96. Now by (3.1)(ii) CXe1e3e4x1x3x4 ∼= Z2 × Sp4 2,
so we see that G15 ∼= Z2 × 6. As this group is maximal in X by (3.1)(ii),
we have that wX5 is an orbit of length 1360. Set
z = e1e3x1x3x4
In particular G15 = CXz. Altogether we have
Lemma 3.3. We have the following X-orbits in :
(i) w1,
(ii) wX2 of length 425,
(iii) wX3 of length 136,
(iv) wX4 of length 136,
(v) wX5 of length 1360.
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So we have found 2058 conjugates of w1, and our graph  possesses at
least 2058 vertices. The aim is to show that these are all. For this we will
use the fact that we know the action of X on the neighborhood of w1,
as this is the action of Sp4 4  2 on the maximal ﬂags in the symplectic
space.
Next we deﬁne new vectors. Set
w6 = wx33 
We have
w6 = 5v1 + 6v4 + 6v5 + 6v14 + 6v26 + 5v27 + 6v31 + 6v32 + 5v34 + 5v36
+ 6v39 + 6v40 + 5v41 + 5v44 + 5v45 + 5v46 + v47 + 5v48 + 5v49
+ 5v50 + 5v51
So we see that
w6 = ws1x1s2e6e52 
Hence w2 and w6 are conjugate in X and so w6 is a neighbor of w1. As
w
x3
1 = w2 and wx36 = w3, we get that w3 is a neighbor of w2. Next set
w7 = wx34 
Then
w7 = 7v19 + 4v29 + 4v43 + 2v47 + 2v49 + 2v50 + 2v51
So we see that
w7 = ws2s1e3x12 
Again w4 is a neighbor of w2. Set
w8 = ws1s2s12
and
w9 = wt
−1
2 m
−1t−12
8 
We will show that w5 is a neighbor of w8. We see that
w9 = 6v3 + 6v6 + 5v11 + 6v12 + 5v13 + 5v16 + 6v17 + 6v18 + 6v22 + 6v25
+ 5v36 + 5v37 + 5v39 + 5v40 + 6v42 + 5v46 + 5v47 + 5v48 + v49 + 5v50
+ 5v51
Hence we see that w9 = wx1x2e2e38 . This shows that w9 is a neighbor of w1
and so w5 = wt2mt21 is a neighbor of w8 = wt2mt29 .
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Set 2 = wX2 , 3 = wX3 , 4 = wX4 , and 5 = wX5 . Then we have the
following orbit diagram, so far.
To prove our conclusion we have to ﬁll in the parameters.
Set w10 = wt21 . Then we get
w10 = v46 + v47 + v49 + v50 + v51
Set w11 = ws12 ; i.e.,
w11 = v46 + v47 + v48 + v49 + v51
w12 = we2x211 , which is
w12 = v46 + v47 + v48 + v49 + v50
and w13 = ws112, which is
w13 = v46 + v47 + v48 + v50 + v51
Then we see that wt113 = w10. So all these wi are neighbors of w1 as they
are conjugate to w2 under X. As x3 ﬁxes all these vectors and w
x3
1 = w2
they all are also neighbors of w2. As E1 stabilizes w10 and r does also, we
see that B induces 4 on the set w10 w11 w12 w13.
Next we consider w14 = wm1 . This is
w14 = 7v1 + 4v4 + 4v5 + 2v48 + 2v49 + 2v50 + 2v51
and w15 = wr14, which gives
w15 = 4v1 + 4v4 + 7v5 + 2v48 + 2v49 + 2v50 + 2v51
and w16 = wr15, which gives
w16 = 4v1 + 7v4 + 4v5 + 2v48 + 2v49 + 2v50 + 2v51
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and ﬁnally w17 = we515, which is
w17 = 7v1 + 7v4 + 7v5 + 2v48 + 2v49 + 2v50 + 2v51
We see that ws22 = w17, so all wi are neighbors of w1. As x3 ﬁxes all these
vectors they all are also neighbors of w2. Now we see that w14 is ﬁxed by E2
and t1 and so B induces 4 on the set w14 w15 w16 w17. By Lemma 3.2
we know that B has orbits of length 1, 4, 4, 64, 64, 16, 16, and 256 on the
neighbors of w2. Next we try to ﬁnd the two orbits of length 64. For this
we move to w10, because I could not see these orbits from w2.
We know that w3 is a neighbor of w2. As w
s1
3 = w3, we see that also
w11 is a neighbor of w3. Further w
x3
11 = w11, which shows that also w11 is a
neighbor of w6. Now w
e1e2x1
11 = w10 and then as we1e2x16 = w6, we have that
w10 is a neighbor of w6.
Now set w18 = ws16 ; this is
w18 = 5v2 + 5v7 + 5v8 + 5v9 + 6v10 + 5v11 + 6v20 + 6v21 + 6v22 + 6v23
+ 5v24 + 6v25 + 5v27 + 6v31 + 6v32 + 5v46 + 5v47 + x5v48 + 5v49
+ v50 + 5v51
As ws110 = w10, we have that w18 is a neighbor of w10 too.
We have w
e1e5e6t
−1
1 s2e6e5
12 = w6. As we2x23 = w3, we have that w12 is a neigh-
bor of w3. Further w
e1e5e6t
−1
1 s2e6e5
3 = w3, and so w6 is a neighbor of w3. Then
w18 is also a neighbor of w3. Now w
x3
18 = w18 and so w18 is a neighbor of w6.
Set t = x2x3t2mrm2x3. Then wt2 = w6. Further we see that wt
−1
10 = w18.
But no element in E2 centralizes w18 as one can easily see. As e5 and e6
both ﬁx w18, we see that w18 belongs to an orbit of length 64 and so also
w10 belongs to an orbit of 64 neighbors of w6.
Next we show that w18 also belongs to such an orbit. Here we see that
the following subgroup ﬁxing w6 does not have any element ﬁxing w18,
EE = e2e3 e1e2e4 e1e2x1 e2x1x2 s2 se1e5r2 
So either w18 is in an orbit of length 64 or 256. If it is in an orbit of length
64 we have to show that this orbit is different from the one of w10. But as
one easily can see, the group EE is normalized by E2, so EE is conjugate
to E1 and on the w10-orbit a conjugate of E2 acts regulary, as this was true
for E2 in the neighborhood of w2 with the orbit of w18, while on the other
orbit EE acts regulary. As these two groups are not conjugate in X, we see
that the orbits are different.
For convenience of the reader let us collect some information we have
obtained so far:
w6 w7 w8 w9 w12 ⊆ *w1 w6 w12 w18 ⊆ *w3
w10 w18 ⊆ *w6 w5 ∈ *w8 w18 ∈ *w10
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So we have the following picture
where x = 64 or 256. Now just by combinatorics we see
If x = 256 then we get 64 · 425 = 1360 · y. This shows that y = 20.
But by (3.2) there is no orbit of length 20 for G15. So we have the following
picture
Let Y be the stabilizer of w3 or w4 inX. Then we have by Lemma 3.2 that
Y induces orbits of length 50, 75, and 300 on the neighbors of w3, say. This
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shows that the orbit of length 50 has to go back to wX2 . Set w19 = wt2mrm
2
2 .
As wt2mrm
2
1 = w3, we have that w19 is a neighbor of w3. We see that
w19 = 5v1 + 6v4 + 6v5 + 5v10 + 6v18 + 5v19 + 5v21 + 5v24 + 5v28 + 6v29
+ 6v33 + 5v37 + 6v38 + 6v42 + 6v43 + v46 + 5v47 + 5v48 + 5v49
+ 5v50 + 5v51
From this we see that wx13 = w19. This shows that w19 is in the same X-orbit
as w3. As w
X
3 is of size 136, w19 belongs to an orbit of length 75.
We now do the same with w4. Set w20 = wmt2t
−1
1 t
−1
2
2 . Then w20 is a neighbor
of w4. We have
w20 = 7v41 + 7v44 + 7v45 + 2v46 + 2v49 + 2v50 + 2v51
Further we now see that w20 = we1e24 . So w20 is in wX4 . Again w20 is in an
orbit of length 75.
Now in both cases we just have one further orbit of length 300. The only
question is whether this orbit is in wX5 or has distance 3 from w1. But we
know that the edge w1 w2 is in exactly 136 triangles. So the same has to be
true for the edges w2, w3, and w2, w4, as w1, w3, and w4 are conjugate in
the stabilizer in G of w2. Up to now we see at most 49+ 75 = 124 triangles,
so the orbits of length 300 cannot be of distance two from w2; hence they
are in wX5 . This gives the following picture
Now we are left with the orbits of G15 on the neighbors of w5. By
Lemma 3.2 we have the orbit lengths 80, 30, 30, 120, 120, and 45. So we
have to ﬁnd the orbits of length 45 and 120.
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Set w21 = wt2mt22 . As wt2mt21 = w5, we have that w21 is a neighbor of w5.
Now we see that
w21 = 8v1 + 10v2 + 8v3 + 8v18 + 8v26 + 8v33 + 8v40 + v46 + v47 + 5v48
+ v49 + 5v50 + v51
From this we see that w21 = we15 , so w21 ∈ wX5 . As wz21 = w21 and by
Lemma 3.2(ii) the central element z in G15 does not ﬁx the orbits of length
120, we have that w21 is in an orbit of length 45.
Set w22 = wx2t2mt218 . Then as w18 is a neighbor of w1, we have that w22 is
a neighbor of w5. Further we have
w22 = 3v5 + v8 + 8v13 + 3v14 + 8v36 + 8v37 + 3v38 + v46 + v47 + 5v48 + v49
+ 5v50 + v51
From this we can see that w22 = wre4e65 . Hence w22 is also in wX5 .
As wz22 = w22, we have that w22 is in an orbit of length 120.
The other orbit of length 120 is not so easy to ﬁnd. We ﬁrst introduce
w23 = we1e5e622 , which also is a neighbor of w5, as e1e5e6 ∈ G15 and
w23 = 8v5 + v8 + 3v13 + 3v14 + 3v36 + 8v37 + 8v38 + v46 + v47 + 5v48 + v49
+ 5v50 + v51
Now set w24 = we3x2s223 . As e3x2s2 is in G15, w24 is also a neighbor of
w5 and
w24 = 8v4 + 8v16 + 10v20 + 3v37 + 3v40 + 3v41 + 3v43 + v46 + v47 + v48
+ v49 + 5v50 + 5v51
Set w25 = wx324. As wx35 = w5, we have that w25 is a neighbor of w5.
We have
w25 = 8v4 + 3v14 + 3v19 + 10v22 + 8v30 + 3v33 + 3v45 + v46 + v47 + v48
+ 5v49 + 5v50 + v51
So we see that w25 = ws1t1s15 , which shows that w25 is in wX5 . As wz25 = w25,
we see that it is in a G15-orbit of length 120.
It remains to show that this orbit is different from the one constructed
before. By Lemma 3.2(ii), we know that for elements in a 120-orbit the cen-
tralizer in G15 is isomorphic to Z2 × 3. Now w25 is centralized by e1e3e4
in G15 and so w24 is centralized by e1e3e4x3 = e2e3e4. Both involutions
are in the center of some Sylow 2-subgroup of G15, so they are not con-
jugate in G15, as the elements of the center of a Sylow 2-subgroup of 6
are in different 6-conjugacy classes. As 
e1e5e6 x1 = e1e2, we see that
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both elements are not in G′15. But as in a Z2 × 3 in 6 all involutions not
in A6 are conjugated under 6, we have that w24 and w25 are in different
G15-orbits.
Again let us collect the new information we have obtained so far:
w21 w22 w23 w24 w25 ⊆ *w5, w19 ∈ *w3, w20 ∈ *w4. So we now
have almost shown
Proposition 3.4. Let  be the graph deﬁned by the following:
(i) The vertices are wG1 .
(ii) The edges are w1 wx31 G.
Then  has 2058 edges and the orbit diagram under the action of X is as
shown below.
We have seen so far that X acts on . What is left is to show that G acts
on . For this it sufﬁces to prove that x3 acts on .
First of all x3 moves w1 to w2 by deﬁnition. Further, we see that x3 is
centralized in X by
U = e1 e2 e5 e6 x1 x3x4 r
Furthermore it is centralized by x2t
−1
2 , which normalizes Ux3.
We see that w8, w10, w11, and w14 are ﬁxed under x3 and that w
x3
7 =
w4, w
x3
12 = w13. Now an easy calculation shows that we have the following
U-orbits : w10 w11, w12 w13, wU14 = 4. Further, we calculate wU7  = 8,
wU4  = 8, wU8  = 8, and wU5  = 12.
Next wx33 = w6. As w6 is centralized by e1e2x1, e1e5r, and x3x4, we see
that both w3 and w6 have 16 conjugates under U .
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Set w26 = wx2t
−1
2
14 . Then
w26 = 7v3 + 4v12 + 4v13 + 2v46 + 2v47 + 2v48 + 2v50
We see that w26 has 4 conjugates under U . Further as w
s1x2
4 = w26, we have
w26 ∈ 4.
Now set w27 = wx2t
2
2
6 . Then we get
w27 = 5v3 + 5v9 + 6v12 + 6v13 + 6v14 + 5v15 + 6v20 + 6v23 + 6v26 + 6v28
+ 5v30 + 6v335v34 + 5v35 + 5v38 + 5v46 + 5v47 + 5v48 + 5v49
+ 5v50 + v51
As w27 = wx2e1e2e5e68 , we see that w27 ∈ 2. Further, we have that w27 is
centralized by e1e5r and e1e2x1x3x4. So we get an orbit of length 32.
Now set w28 = wx2t
2
2
7 . Then
w28 = 7v6 + 4v16 + 4v17 + 2v46 + 2v47 + 2v50 + 2v51
As w28 = wt126, we have w28 ∈ 4 belonging to an orbit of length 16.
Set w29 = wx27 . Then we see that
w29 = 7v18 + 4v37 + 4v42 + 2v47 + 2v48 + 2v50 + 2v51
Now w29 is centralized by e2e5 x1x3x4 e1e2e6 re5. So we have an orbit
of length 8.
Now set w30 = wx329, where
w30 = 4v14 + 7v26 + 4v34 + 2v46 + 2v48 + 2v49 + 2v50
is also in an orbit of length 8. As w30 = wx2x14 , we see that w30 ∈ 4.
Set w31 = we38 . Then
w31 = 6v2 + 6v7 + 5v8 + 5v9 + 6v10 + 6v11 + 5v20 + 6v21 + 6v22 + 5v23
+ 5v24 + 5v25 + 6v27 + 5v31 + 6v32 + 5v46 + 5v47 + 5v48 + 5v49
+ v50 + 5v51
We see that w31 is centralized by e5 e6 rx3x4e1, so we have an orbit of
length 24.
Next we have that w32 = ws2s1s22 is a ﬁxed point of x3. We have
w32 = 8v1 + 5v2 + v3 + 8v4 + v5 + 5v6 + v7 + v8 + v9 + 10v10
+ 5v11 + v12 + v13 + 10v14 + 5v15 + v16 + v17 + 10v18 + v19
+ 5v20 + 10v21 + 5v22 + v23 + 10v24 + 5v25 + 10v26 + v27 + v28
+ v29 + 5v30 + 10v31 + v32 + v33 + v34 + 5v35 + 10v36 + v37 + v38
+ v39 + v40 + v41 + v42 + v43 + v44 + v45 + 2v46 + v47
+ 5v48 + v49 + v50 + v51
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We see that w32 is centralized by x1 x3x4 r, so we have an orbit of
length 16.
We set w33 = wx2t
2
2
32 . Then we have
w33 = 5v1 + v2 + 8v3 + 5v4 + v5 + 10v6 + 5v7 + v8 + 10v9 + 5v10
+ 10v11 + 8v12 + v13 + 10v14 + v15 + v16 + v17 + v18 + 5v19
+ 10v20 + 5v21 + 10v22 + v23 + 5v24 + 10v25 + v26 + 5v27 + 10v28
+ 5v29 + 10v30 + 5v31 + v32 + 10v33 + v34 + v35 + v36 + v37 + v38
+ v39 + v40 + 5v41 + 10v42 + 5v43 + v44 + v45 + v46 + v47 + v48
+ 2v49 + 5v50 + 2v51
We see that w33 = ws1e5x1s25 , so w33 ∈ 5 and is in an orbit of length 16.
Next set w34 = we332. Then we see that
w34 = 8v1 + 6v2 + v3 + 8v4 + v5 + 5v6 + 6v7 + 5v8 + v9 + v10
+ 6v11 + v12 + 5v13 + v14 + 6v15 + 5v16 + v17 + 10v18 + v19
+ 5v20 + v21 + 6v22 + 5v23 + 10v24 + 5v25 + v26 + v27 + v28 + v29
+ 6v30 + 10v31 + v32 + 10v33 + v34 + 5v35 + v36 + v37 + v38 + 10v39
+ v40 + v41 + v42 + v43 + 10v44 + v45 + 2v46 + v47
+ 5v48 + v49 + v50 + v51
We see that w34 is centralized by x1 rx3x4e1, so we have an orbit of
length 48.
Set w35 = wx2t
2
2
34 . Then we get
w35 = 6v1 + v2 + 8v3 + 6v4 + 5v5 + 10v6 + 6v7 + 5v8 + v9 + 6v10 + 10v11
+ 8v12 + v13 + v14 + v15 + v16 + v17 + 10v18 + 5v19 + 10v20 + 5v21
+ v22 + v23 + 6v24 + v25 + v26 + 5v27 + 10v28 + 5v29 + 10v30
+ 5v31 + v32 + v33 + 10v34 + v35 + v36 + v37 + v38 + v39 + 10v40
+ 6v41 + v42 + 5v43 + 6v44 + 5v45 + v46 + v47 + v48 + 2v49
+ 5v50 + 2v51
Now w35 is in an orbit of length 48, which is in 5, as w35 = we2e3e533 .
Set w36 = ws132. Then we get
w36 = 10v1 + v2 + 5v3 + 10v4 + v5 + 5v6 + 10v7 + v8 + v9 + 8v10
+ 10v11 + 5v12 + v13 + v14 + v15 + v16 + v17 + 10v18 + v19 + v20
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+ 8v21 + 10v22 + v23 + 8v24 + 10v25 + 5v26 + 10v27 + v28 + v29
+ 5v30 + 10v31 + v32 + v33 + 5v34 + v35 + v36 + 10v37 + v38
+ 5v39 + v40 + v41 + 10v42 + v43 + 5v44 + v45 + 2v46
+ 5v47 + v48 + v49 + 2v50 + 5v51
We see that w36 is centralized by x3x4 r, so we have an orbit of length 32.
Set w37 = wx336. Then we get
w37 = 10v1 + v2 + 5v3 + 10v4 + v5 + 5v6 + 10v7 + v8 + v9 + v10 + v11
+ 5v12 + v13 + 10v14 + 5v15 + v16 + v17 + v18 + v19
+ 10v20 + v21 + v22 + v23 + v24 + v25 + v26 + 8v27
+ 5v28 + v29 + v30 + 8v31 + v32 + 5v33 + 10v34 + 5v35 + 10v36
+ 5v37 + v38 + 10v39 + v40 + v41 + 5v42 + v43
+ 10v44 + v45 + 5v46 + 2v47 + 5v48 + v49 + 2v50 + 5v51
We have wx2s137 = ws1x1r
2e2s2
5 , which shows that w37 ∈ 5. Further, w37 is also
centralized by x3x4 r, and so we have an orbit of length 32.
Set w38 = wx2t1e3e4e136 = ws1s2s1e3s22 . We see that
w38 = 10v1 + 5v2 + 10v3 + v4 + v5 + v6 + 6v7 + v8 + v9 + v10 + v11
+ v12 + v13 + 5v14 + 6v15 + v16 + 10v17 + 8v18 + 10v19 + 6v20 + v21
+ 10v22 + 5v23 + 10v24 + v25 + 5v26 + v27 + v28 + v29
+ 5v30 + v31 + v32 + 10v33 + 5v34 + 6v35 + 10v36 + 3v37 + v38
+ 10v39 + v40 + 5v41 + 3v42 + v43 + 5v44 + v45 + 2v46
+ 5v47 + v48 + 2v49 + 5v50 + v51
We have that w38 is just centralized by x1x3x4, so it belongs to an orbit of
length 96.
Set w39 = wx338. Then we see that
w39 = 10v1 + 5v2 + 10v3 + v4 + v5 + 6v6 + v7 + v8 + v9 + 5v10 + 6v11
+ v12 + v13 + 3v14 + v15 + 5v16 + 6v17 + 5v18 + v19 + 10v20 + 5v21
+ 6v22 + v23 + 5v24 + v25 + 8v26 + 10v27 + 10v28 + 5v29 + v30 + v31
+ v32 + 10v33 + 3v34 + 10v35 + v36 + 5v37 + 10v38 + v39
+ 10v40 + v41 + 5v42 + v43 + v44 + v45 + 5v46 + 2v47
+ 5v48 + v49 + v50 + 2v51
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First of all w39 is centralized by x1x3x4 and so we have an orbit of length 96.
Second we see that w39 = we2e3e4x237 , so w39 is in 5.
Next set w40 = we1e4e636 . Then we get
w40 = v1 + v2 + 5v3 + 10v4 + v5 + 5v6 + 10v7 + v8 + v9 + 8v10 + 10v11
+ 5v12 + v13 + v14 + 6v15 + v16 + v17 + 10v18 + v19 + v20 + 8v21
+ v22 + 10v23 + 8v24 + v25 + 6v26 + v27 + v28 + 10v29 + 6v30 + 10v31
+ v32 + v33 + 6v34 + 5v35 + 6v36 + v37 + 10v38 + 6v39 + 5v40 + v41
+ v42 + v43 + 5v44 + v45 + 2v46 + 5v47 + v48 + v49 + 2v50 + 5v51
So we have an orbit of length 96 as w40 is centralized by x3x4r.
Set w41 = wx340. We get
w41 = v1 + v2 + 5v3 + 10v4 + v5 + 6v6 + 10v7 + v8 + 10v9 + v10 + v11
+ 5v12 + v13 + v14 + 5v15 + 6v16 + 5v17 + 6v18 + 5v19 + v20 + v21
+ v22 + v23 + v24 + 10v25 + v26 + 8v27 + 6v28 + 5v29 + 6v30
+ 8v31 + v32 + 5v33 + v34 + 6v35 + 10v36 + 5v37 + 6v38 + v39 + v40
+ v41 + 6v42 + 5v43 + v41 + 6v42 + 5v43 + 10v44 + v45 + 5v46 + 2v47
+ 5v48 + v49 + 2v50 + 5v51
As w41 = we1e2e4e637 , we see that w41 ∈ 5 and is in an orbit of length 96.
Further it is centralized by x3x4r.
Set w42 = wx2t
2
2
40 , then we get
w42 = 5v1 + v2 + v3 + 5v4 + v5 + v6 + 10v7 + v8 + v9 + v10 + 8v11 + 10v12
+ v13 + 5v14 + v15 + 10v16 + v17 + 10v18 + 5v19 + 10v20 + v21
+ 8v22 + v23 + 10v24 + 8v25 + 6v26 + v27 + 6v28 + v29 + 5v30 + v31
+ 10v32 + 5v33 + 6v34 + 5v35 + 10v36 + v37 + 6v38 + v39 + v40
+ 6v41 + v42 + 6v43 + v44 + 5v45 + v46 + v47 + v48 + 2v49 + v50
+ 5v51
So we get that w42 is in an orbit of length 192 in 5, as w42 = we1e4e5e6s139 .
Set w43 = ws1s2s1e1e2e3s22 . Then we get
w43 = 10v1 + 5v2 + 10v3 + v4 + v5 + 5v6 + v7 + v8 + 10v9 + v10
+5v11 + 10v12 + v13 + v14 + v15 + 5v16 + v17
+10v18 + v19 + v20 + v21 + 5v22 + 10v23 + v24 + 5v25 + 10v26
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+ 5v27 + 8v28 + 10v29 + v30 + 5v31 + v32 + 8v33 + 10v34 + v35
+5v36 + 10v37 + 8v38 + 5v39 + v40 + v41 + 10v42 + v43
+ 5v44 + v45 + 2v46 + 5v47 + v48 + v49 + v50 + 2v51
This is centralized by x1x3x4 r, so we get an orbit of length 32. We see
that w43 = wx236, so w43 ∈ 2.
Set w44 = wx343. Then we get
w44 = 10v1 + 5v2 + 10v3 + v4 + v5 + v6 + 5v7 + v8 + v9 + v10
+ 10v11 + v12 + v13 + v14 + 5v15 + 10v16 + v17 + v18
+ 5v19 + v20 + v21 + 10v22 + 5v23 + v24 + 10v25 + v26 + v27
+ 5v28 + v29 + v30 + 10v31 + v32 + 5v33 + 10v34 + 5v35 + 8v36
+ 10v37 + 5v38 + 8v39 + v40 + 10v41 + v42 + 5v43 + 10v44 + v45
+ 5v46 + 2v47 + 5v48 + 2v49 + 5v50 + v51
From this we see w
t21x2
44 = w37, so it is in 5. As w44 is centralized by
r x1x3x4, it belongs to an orbit of length 32.
Adding up the sizes of the orbits wU2 , w
U
6 , w
U
7 , w
U
8 , w
U
10, w
U
12, w
U
14, w
U
27,
wU29, w
U
31, w
U
32, w
U
34, w
U
36, w
U
38, w
U
40, and w
U
43 in 2 so far, we see that we have
obtained all of 2. Provided all orbits are different we would get that the
union is just 2.
We have three orbits of length 8: wU7 , w
U
8 , and w
U
29. We easily see that the
intersection of CUw29 with e1 e2 e5 e6 is not conjugate to the intersec-
tion of CUw7 with this group. As x1e1e2 conjugates CUw7 to CUw8,
we see that wU29 is an own orbit. Now we see that w
x1e1e2
7 does not contain
a v2-summand, so it is different from w8. Hence we have three orbits.
We have two orbits of length 16: wU6 and w
U
32. Again we just have to
check the element e1e2e5e6 which conjugates CUw6 to CUw32. But in
w
e1e2e5e6
6 the coefﬁcient of v1 is 5 while in w32 it is 8.
Next we have three orbits of length 32: wU27, w
U
36, and w
U
43. First of all we
see that CUw36 is not conjugate to the other centralizers, as there is no
element with an v1 component in this group. The other two are conjugate
by e1e2e5e6 and centralized by x1. So we just have to check w
e1e2e5e6
27 and
w
x1e1e2e5e6
27 . But both do not have a v1 component which is there in w43.
So ﬁnally we have two orbits of length 96: wU38 and w
U
40. But the cen-
tralizers are obviously not conjugate. So we have seen that all orbits are
different.
Next we move to 3.
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Set w45 = ws23 . Then w45 is ﬁxed under x3. We get
w45 = 10v1 + 8v2 + v3 + 3v6 + v9 + v11 + v15 + 5v46 + v47
+ v48 + v49 + v50 + v51
As w45 is centralized by e1e2 e5e6 x1 x3x4, it is in an orbit of length 12.
Set w46 = wx2t
2
2
45 . Then we see
w46 = 8v1 + 8v2 + 10v3 + 3v19 + v24 + v27 + v41 + v46 + v47 + v48
+ 5v49 + v50 + 5v51
So we see that w46 = wx25 and so w46 ∈ 5. As w46 is centralized by
x1 e1e2 e5e6 x3x4, it belongs to an orbit of length 12.
Set w47 = we345. Then w47 is also ﬁxed by x3 and has the same centralizer
as w45 and so belongs to an orbit of length 12. We see that
w47 = 10v1 + 3v2 + v3 + v6 + v9 + 8v11 + v15 + 5v46 + v47 + v48
+ v49 + v50 + v51
Set w48 = wx2t
2
2
47 . Then we see that
w48 = 3v1 + 3v2 + 10v3 + 3v19 + 8v24 + 3v27 + 8v41 + v46 + v47 + v48
+ 5v49 + v50 + 5v51
Now we see that w48 = we1e5e346 ∈ 5 and so as w48 is centralized by
e1e2 e5e6 e1x1 x3x4, it belongs to an orbit of length 12.
Set w49 = ws145. Then we get
w49 = 8v3 + 3v17 + 10v24 + 3v30 + v34 + v36 + 8v41 + 5v46 + v47
+ v48 + v49 + 5v50 + v51
As w49 is centralized by e1e2e5e6 x3x4, we get an orbit of length 48.
Set w50 = wx349. Then
w50 = 8v3 + 3v16 + 8v19 + 10v27 + 3v35 + v38 + v42 + v46
+ 5v47 + v48 + v49 + 5v50 + v51
We have ws2x2e3e4e150 = w33. Further as w50 is centralized by e1e2e5e6 x3x4,
we have that it belongs to an orbit of length 48.
Set w51 = wx2t
2
2
49 . We see that
w51 = 8v1 + 10v11 + 8v15 + 3v34 + v38 + v43 + v44 + v46 + v47
+ v48 + 5v49 + v50 + v51
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We see that w51 is centralized by e1e2e5e6. So it is in an orbit of length 96.
As w5 = wt151, we see that w51 ∈ 5.
Set w52 = wx249. We see that
w52 = 8v2 + 3v17 + v22 + v31 + 10v33 + 8v40 + 3v45 + 5v46
+ v47 + v48 + v49 + v50 + 5v51
As w52 is centralized by e5 e2e6 x1x3x4, we have an orbit of length 24.
Set w53 = wx352. We see that
w53 = 8v2 + 3v10 + v20 + 8v33 + 3v35 + 10v40 + 3v43 + v46
+ 5v47 + v48 + 5v49 + v50 + v51
As wx2x153 = w50, we get w53 ∈ 5. As it is centralized by e5 e2e6 x1x3x4,
we have an orbit of length 24.
Set w54 = we352. We see that
w54 = 3v2 + v17 + 8v22 + 3v31 + 10v33 + 3v40 + 8v45 + 5v46
+ v47 + v48 + v49 + v50 + 5v51
As w54 is centralized by e5 e2e6 e1e2x1x3x4, we have an orbit of
length 24.
Set w55 = wx354. Then we see that
w55 = 3v2 + v10 + 8v20 + 3v33 + v35 + 10v40 + 8v43 + v46
+ 5v47 + v48 + 5v49 + v50 + v51
We get we3e155 = w53, so w55 ∈ 5. We have that w55 is centralized by
e5 e2e6 e1e2x1x3x4, so we have an orbit of length 24.
Now adding up the orbit length of wU3 , w
U
45, w
U
47, w
U
49, w
U
52, and w
U
54 shows
that we have 3. Again we have to show that these orbits are all different.
We have two orbits of length 12: wU45 and w
U
47. They have the same cen-
tralizer and we see that the normalizer in U of this centralizer is twice as
much and we just have to add e1. But w
e1
45 has 8v2 while w47 has 3v2 as a
coordinate. So these orbits are different.
We have two orbits of length 24: wU52 and w
U
54. Here the centralizers are
conjugate by e5e6. We see that NUCUw52 = CUw52e1e2. Now we
check we5e652 and w
e1e2e5e6
52 . In both cases we get the coordinate 8v2 while in
w54 we have 3v2. Hence all orbits are different.
Next we move to 4.
Set w56 = ws14 . Then w56 is ﬁxed by x3. We see that
w56 = 7v2 + 4v7 + v8 + 2v46 + v47 + v49 + v51
Hence w56 is centralized by E x1 x3x4 and so is in an orbit of length 3.
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Set w57 = we3e456 . Then
w57 = 7v2 + v7 + v8 + 2v46 + v47 + v49 + v51
So it is ﬁxed under U .
Set w58 = ws1s24 . Then we see that
w58 = 7v1 + 9v2 + 2v3 + 7v4 + v5 + 4v10 + 9v16 + 4v18 + 7v19 + 2v20
+ 4v21 + 7v24 + 2v25 + 9v26 + v27 + 7v28 + v29 + 4v33
+ 9v35 + 7v37 + 4v38 + 9v40 + v41 + 4v42 + 7v43 + v46
+ 2v47 + v48 + v49 + v50 + v51
Hence w58 is centralized by e1e2x1 x3x4 and so is in an orbit of length 48.
Set w59 = wx358. Then we get
w59 = 7v1 + 9v2 + 2v3 + 7v4 + v5 + v14 + 9v17 + v18 + v19
+ 2v22 + v23 + 9v24 + 4v26 + 7v27 + 9v30 + 4v31 + v32 + 9v33
+ 4v34 + v36 + 7v39 + 4v40 + 7v41 + v44 + v45 + 2v46 + v47
+ 2v48 + v49 + v50 + v51
As we2e5e6rs2s1x2s159 = w5, we see that w59 is in 5. As w59 is centralized by
e1e2x1 x3x4, we have an orbit of length 48.
Set w60 = wx2t
2
2
59 . Then we see that
w60 = 2v1 + 9v2 + 7v3 + 9v6 + 7v9 + 2v10 + 9v11 + 7v12 + v13 + v14 + v15
+ 9v18 + 4v20 + v23 + v26 + 7v28 + v30 + 2v32 + 4v33 + v34
+ 7v35 + 4v38 + 9v40 + v43 + v44 + 2v46 + v47 + v48 + v49 + v50
+ v51
Now w60 is centralized by e1e2x1x3x4; hence it belongs to an orbit of
length 96. As w60 = ws1x2e2e3e559 , we have w60 ∈ 5.
Set w61 = ws1x2s24 . Then we see that
w61 = 7v1 + 2v2 + 9v3 + 7v4 + v5 + 4v10 + 2v16 + 4v18 + 7v19
+ 9v20 + 4v21 + 7v24 + 9v25 + 2v26 + v27 + 7v28 + v29 + 4v33
+ 2v35 + 7v37 + 4v38 + 2v40 + v41 + 4v42 + 7v43 + v46
+ 2v47 + v48 + v49 + v50 + v51
Now w61 is centralized by e1e2x1 x3x4; hence it belongs to an orbit of
length 48.
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Set w62 = wx361. Then we have
w62 = 7v1 + 2v2 + 9v3 + 7v4 + v5 + v14 + 2v17 + v18 + v19
+ 9v22 + v23 + 2v24 + 4v26 + 7v27 + 2v30 + 4v31 + v32 + 2v33
+ 4v34 + v36 + 7v39 + 4v40 + 7v41 + v44 + v45 + 2v46 + v47
+ 2v48 + v49 + v50 + v51
As w62 = we2e359 , we have w62 ∈ 5. As w62 is centralized by e1e2x1 x3x4,
we have an orbit of length 48.
Now set w63 = wx2t
2
2
62 . Then we see that
w63 = 9v1 + 2v2 + 7v3 + 2v6 + 7v9 + 9v10 + 2v11 + 7v12 + v13 + v14 + v15
+ 2v18 + 4v20 + v23 + v26 + 7v28 + v30 + 9v32 + 4v33 + v34
+ 7v35 + 4v38 + 2v40 + v43 + v44 + v46 + v47 + v48 + v49 + v50
+ v51
We see that w63 is centralized by e1e2x1x3x4, so it belongs to an orbit of
length 96. As we3e563 = w60, we have w63 ∈ 5.
The orbits of wU4 , w
U
26, w
U
28, w
U
30, w
U
56, w
U
57, w
U
58, and w
U
61 add up to 4 . We
have two orbits of length 8: wU4 and w
U
30. As w
x3
29 = w30 and wx37 = w4 and
w29, w7 were in different U-orbits, these orbits are different too. We further
have two orbits of length 48: wU58 and w
U
61. They have the same centralizer
in U , whose normalizer is greater just by a factor of 2 and contains x1. So
we just have to check wx158. But this is not w61, as w58 has the coordinate
9v2 where as w61 has the coordinate 2v2. So all orbits are different.
We move to 5.
We have w5 as the ﬁxed point of x3. As w5 is centralized by e1e2 e1e5e6
x1 x3x4, w5 is in an orbit of length 12.
Set w64 = we45 . Then we see that
w64 = 8v1 + v2 + 3v3 + 8v18 + 3v26 + 8v33 + 3v40 + v46 + v47 + 5v48
+ v49 + 5v50 + v51
Hence w64 is centralized by e1e2 e1e5e6 x1 x3x4 as w5 is; we see that
w64 also belongs to an orbit of length 12.
Set w65 = we2e3e5s159 . Then we see that
w65 = 2v1 + 4v2 + 2v3 + 9v6 + 4v7 + 7v8 + v9 + 4v10 + v11 + 9v14
+ 2v15 + 9v19 + 4v20 + 7v21 + 4v22 + v23 + v24 + 7v25 + v27
+ 9v28 + 4v31 + v32 + 2v37 + 9v39 + 2v41 + v46 + v47 + v48 + v49
+ v50 + 2v51
736 g. stroth
Hence w65 is centralized by e5e6 and so it belongs to an orbit of length 96.
Set w66 = we1e465 . Then we get
w66 = 2v1 + 7v2 + 9v3 + 2v6 + 4v7 + v8 + v9 + v10 + v11 + 2v14 + v15
+ 9v19 + 7v20 + v21 + v22 + 4v23 + v24 + v25 + v27 + 9v28
+ 4v31 + 7v32 + 2v37 + 9v39 + v41 + 2v46 + v47 + v48 + v49
+ v50 + 2v51
Hence w66 is centralized by e5e6 e1e2x3x4 and so it belongs to an orbit
of length 48.
Set w67 = we2e3e565 . Then we get
w67 = 9v1 + 7v2 + 2v3 + 9v6 + 7v7 + v8 + 4v9 + 7v10 + 4v11 + 2v14 + 9v15
+ 9v19 + 4v20 + 7v21 + v22 + v23 + v24 + 4v25 + 7v27 + 9v28
+ 4v31 + v32 + 9v37 + 2v39 + 9v41 + 2v46 + v47 + v48 + v49
+ v50 + 2v51
Hence w67 is centralized by e5e6 x3x4 and so it belongs to an orbit of
length 48.
Set w68 = we2e3x233 . Then we have
w68 = 5v1 + 3v2 + 6v3 + 5v4 + v5 + v6 + 3v7 + 8v8 + v9 + v10 + 10v11
+ 6v12 + 5v13 + 5v14 + 10v15 + v16 + v17 + 6v18 + v19
+ 10v20 + v21 + v22 + v23 + v24 + v25 + 5v26 + 10v27 + 6v28
+ v29 + v30 + 10v31 + v32 + 6v33 + 5v34 + v35 + 5v36 + v37
+ v38 + v39 + v40 + 10v41 + 6v42 + 10v43 + v44 + v45
+ 5v46 + v47 + 2v48 + 5v49 + 2v50 + 5v51
Hence we see that w68 is centralized by x1 rx3x4, so it belongs to an orbit
of length 48.
Set w69 = we1e2x233 , then we see that
w69 = 5v1 + 8v2 + 5v3 + v4 + v5 + 10v6 + 8v7 + v8 + 10v9 + v10
+ 10v11 + 5v12 + v13 + 6v14 + 10v15 + v16 + v17 + 5v18 + 10v19
+ v20 + v21 + v22 + v23 + 10v24 + v25 + 5v26 + 10v27 + 6v28 + v29
+ v30 + v31 + v32 + 5v33 + 6v34 + v35 + 6v36 + v37 + v38 + v39
+ 5v40 + 10v41 + 6v42 + v43 + v44 + v45 + 5v46 + v47 + 2v48
+ 5v49 + 2v50 + 5v51
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Hence w69 is centralized by x1 x3x4 re2 and so it belongs to an orbit of
length 16.
Set w70 = wt133; then we see that
w70 = 5v1 + 10v2 + v3 + 5v4 + v5 + 8v6 + 10v7 + v8 + 5v9 + v10
10v11 + v12 + v13 + 5v14 + 10v15 + 8v16 + v17 + 10v18 + v19
+ 5v20 + v21 + 10v22 + 5v23 + v24 + 10v25 + 5v26 + v27 + v28
+ 10v29 + v30 + 5v31 + v32 + v33 + v34 + 10v35 + v36 + v37
+ 5v38 + 10v39 + 10v40 + v41 + v42 + v43 + v44 + v45
+ 5v46 + v47 + 2v48 + v49 + 5v50 + v51
Hence w70 is centralized by r and so it belongs to an orbit of length 64
in 5.
The orbits wU5 , w
U
33, w
U
35, w
U
37, w
U
39, w
U
41, w
U
42, w
U
44, w
U
46, w
U
48, w
U
50, w
U
51, w
U
53,
wU55, w
U
59, w
U
60, w
U
62, w
U
63, w
U
64, w
U
65, w
U
66, w
U
67, w
U
68, w
U
69, and w
U
70 now are all of
5. So again it remains to show that they all are different.
We have four orbits of length 12: wU5 , w
U
46, w
U
48 and w
U
64. If we look at the
intersection of the centralizers with e1 e2 e5 e6, we see that these are
not conjugate, so we have two groups wU46, w
U
48 and w
U
5 , w
U
64. As w45 was
not conjugate to w47, we get that w46 is not conjugate to w48. So we are left
with w5 and w64, which have the same centralizer. For the normalizer we
just have to add the generator e1. But w
e1
5 has the coordinate 10v2 while
w64 has the coordinate v2.
We have two orbits of length 24: wU53 and w
U
55. But as w52 and w54 were in
different orbits and w53 = wx352 and w55 = wx354, we have that these orbits are
also different.
Next we have two orbits of length 32: wU37 and w
U
44. But obviously x3x4 r
and x1x3x4 r are not conjugate in U , so we have different orbits.
We have seven orbits of length 48: wU35, w
U
50, w
U
59, w
U
62, w
U
66, w
U
67, and
wU68. We list the centralizers in the order above: e1x1 rx3x4, e1e2e5e6
x3x4, e1e2x1 x3x4, e1e2x1 x3x4, e5e6 e1e2x3x4, e5e6 x3x4, and
x1 rx3x4. Now we have those which have a trivial intersection with
e1 e2 e5 e6 and those which have a nontrivial one. This gives two classes
which cannot be conjugate: wU35, w
U
59, w
U
62, and w
U
68 and the rest. Let us
ﬁrst consider the remaining ones. These centralizers are all conjugate.
So we just have to check whether theses elements are conjugate under
e1 e2 e5 e6. But all the conjugates of w50 do not have a coordinate v1.
Further, the conjugates of w66 have a coordinate 4v7, while w67 has 7v7.
So these are all different orbits. Hence we may consider the ﬁrst four
orbits. Now all the centralizers are conjugate. For w35 we just have to
check the conjugates with e5, e1e5, r2, and e1r2. We see that they all have
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the coordinate 5v1, but w59, w62, or w68 does not have this coordinate. Next
we test w59. As w59 = wx358 and w62 = wx361, which are in different orbits;
w59 and w61 are also in different orbits. So we just have to check the con-
jugates of w68 by r2e5e6 and e1r2e5e6. Here we always have the coordinate
5v1 while in w59 and w62 we have 7v1. So we have that all these orbits are
different.
Finally we have six orbits of length 96: wU39, w
U
41, w
U
51, w
U
60, w
U
63, and
wU65. Again we write down the centralizers in the same ordering: x1x3x4,
x3x4r, e1e2e5e6, e1e2x1x3x4, e1e2x1x3x4, and e5e6. We have two
classes of orbits which cannot be conjugate: wU51, w
U
65, and the rest. Both
centralizers are normalized by e1 e2 e5 e6 x3x4 and the centralizers are
conjugate by x1. But now we see easily that all the conjugates of w51 have
no v2-coordinate, while w65 has a nontrivial one. So we are left with the
other four orbits. Here we see that the centralizer of w41 is not conju-
gate to any of the other centralizers. So we just have to consider w39, w60,
and w63. Let R be the centralizer of w60 in U . Then R is normalized by
e1e2 e1e5e6 x1 x3x4. So to see whether w60 and w63 are in the same orbit
we just have to conjugate w60 by those elements. They all have the coordi-
nate 2v2 but w63 has the coordinate 9v1. So it remains to consider w39. We
ﬁrst have to conjugate w39 by e1 and then by some element from the group
before. Here we get the coordinate 10v1 while w60 has 2v1 and w63 has 9v1.
So we have seen that all orbits are different. Hence we have shown that x3
and so G acts on . This proves Proposition 3.4.
4. THE IDENTIFICATION
In the previous section we have seen that G acts on a graph  with
2058 vertices. Let U be the stabilizer of w1 in G. Then we have shown that
G = 2058U .
Lemma 4.1. G = G′; so G ∩ ZGL51 11 = 1.
Proof. We have G = G1G3. Now G3 = G′3 and SG′1 = G1, the
assertion.
Lemma 4.2. G = He.
Proof. To prove the lemma, we just have to show that U = X. We know
that G acts on . First let K be the normal subgroup of U ﬁxing all the
neighbors of w1 in . As X splits V in a 1-dimensional and a 50-dimensional
irreducible module, we get that K acts trivially on V , a contradiction. So we
have that U acts faithfully on the neighbors of w1. Let U12 be the stabilizer
of w2 in U , so we get U = XU12. Hence we just have to prove that U12 ≤ X.
We have that w2 has 136 neighbors in the set of neighbors of w1, which split
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into X ∩ U12 orbits of length 4, 4, 64, and 64. Let g ∈ U12; then we will
ﬁrst show that g acts on the two orbits of length 4. We have 16 neighbors
of w2 in w
X
3 and 256 in w
X
5 . But among the neighbors of w3 there are 50
which are closer to w1 than w3 while among the neighbors of w5 there are
80. This shows that wX5 is still an orbit under U . Hence U just may fuse
wX3 and w
X
4 .
We ﬁrst prove:
(1) If B ≤ Y ≤ U12 has two orbits of length 4 on the neighbors of w2
then B = Y .
We deﬁne points and lines as follows. Let p1 = wY10 and let l2 = wY14. We
call pX1 points and l
X
2 lines. Now our assumption is that Y acts on the points
and lines. We deﬁne an incidence relation. We say that a point is on a line
if these two sets intersect nontrivially. As U induces 5 on any point and
any line, we see that any point is on ﬁve lines and any line has ﬁve points.
What we got, as wX2 = wU2 corresponds to the ﬂags of the symplectic four
space, that our points and lines with the incidence form the generalized
4-gon related to the symplectic four space. As U ≥ XY and Y acts on p1
and l2, so it acts on the ﬁve lines through w2; hence XY respects incidence.
Suppose some g ∈ XY acts trivially on the 4-gon then it also acts trivially on
the ﬂags and so g ∈ K = 1. So we have that XY is an automorphism group
of the generalized 4-gon, which is type preserving. So XY is isomorphic to
a subgroup of PSp44  2, and hence XY = X.
(2) 211 does not divide the order of the stabilizer of w1 w2 in G.
Let T be a 2-group of order 211 which contains S = e1 e2 e3 e4 e5 e6
x1 x2 x3 x4. As F is the unique extraspecial group of order 27 in S, we
have that F is normal in T and so T acts on CV S = v1 v2 v3 v46 +
v47 v48+ v50 v49+ v51. Further T normalizes E1E2. We have that E1E2F/F
is a dihedral group of order eight with center e4 F/F . Hence T acts on

e4 CV F = v2 v3. As GL211 has a semidihedral Sylow 2-subgroup,
we see that either T/F is semidihedral of order 16 or is a direct product of
a dihedral group of order eight by Z2.
Assume the latter. Then E1 and E2 both are normal in T . As E1 acts
transitively on the neighbors of w2 in w
X
3 and E2 does not, while the situa-
tion in wX4 is the other way around, we have that T ∩U12 acts on wX3 and
wX4 . We have that w2 and w10 both are neighbors of w3, as seen above. As
E1 centralizes w10, we see that all neighbors for w2 in w
X
3 are also neigh-
bors of w10. The same cannot be true for vectors in the orbit of length 64
in the neighborhood of w2 in w
X
2 , as w3 has 50 neighbors in w
X
2 and not 64.
So we have that T ∩ U12 acts on the two orbits of length 4 in the neigh-
borhood of w2. Now w10 is centralized by E1 while w14 is not, we have that
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T ∩ U12 normalizes both orbits. Hence Y = BT ∩ U12 satisﬁes (1). But
then T ∩U12 ≤ X ∩ T ≤ S, a contradiction.
So we have that T/F is semidihedral of order 16. In particular T/F
acts faithfully on F . Now W = G3/F T/F is a subgroup of Aut(F).
As Aut(F) ∼= 8, we see that W ∼= PGL27, 7, E8L27, A8, or 8. As
T/F is semidihedral, we have that the ﬁrst three possibilities are not possi-
ble. As A8 does not contain elements of order 8, we get W ∼= 8. But then
all involutions in F \ e1 are conjugate. As the eigenspace to the eigen-
value involution for e2 is 27-dimensional while for x1 it is 31-dimensional,
this is not possible. So we have a contradiction.
Now we can prove the lemma. By (2) we have that wU123 = wX3 . As before
we see that U12 acts on the two orbits of length 4 in the neighborhood of
w2. Again by (2) we get that U12 respects these two orbits. Now with (1)
we get U = X and so G = He.
Lemma 4.3. G ∼= He.
Proof. To prove the lemma we have to show that
(1) G is simple.
(2) CGe1e2 = G3.
(3) Let F1, F2 be the two elementary abelian normal subgroups in
G1; then NGF1 = NGF2 = G3.
So we start with the simplicity. Let N be a nontrivial normal subgroup
of G. If G3 ≤ N , then we also get that G1 ≤ N and so N = G. So
assume that G3 ≤ N . Then N ∩ G3 ≤ F . If this intersection is nontriv-
ial, we see that O2G1 ≤ N , but this group is not contained in F . So we
have N ∩G3 = 1. In particular N is of odd order, as G3 contains a Sylow
2-subgroup of G. Hence OpG = 1 for some odd prime p ∈ 3 5 7 17.
As OpG ≤ p3, we see that CG3OpG = 1, so we get that G3 and
then G is contained in CGOpG. As G acts irreducibly on V , we see that
OpG ≤ ZGL51 11. In particular p = 5. By Lemma 4.2 X contains
a Sylow 5-subgroup of G. As ZX = 1, we get OpG = 1. So we have
shown that G is simple.
Next we determine NGF1 and NGF2. We see that F1 = e1e2 e2
e3e4x1 e1e5e6x3 and F2 = e1e2 e3e4 e1e5e6 x1x4. Now we easily see
that CV F1 = CV F2 = CV F. We ﬁrst determine NGF. We have that
NGF/CGF is isomorphic to a subgroup of 8, which has a dihedral
group of order 8 as a Sylow 2-subgroup and contains L27. This shows that
NGF/CGF ∼= L27 or A7. In the latter we have that NGF induces
on F/e1e2 orbits of length 7, 21, and 35. But G3 just has two orbits of
length 7, which generate F1 or F2. As none of these two groups is nor-
malized by A7, we get that NGF = CGFG3. Let CGF = e1e2. Then
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OpCGF is nontrivial for some odd prime p. As OpCGF ≤ p2, we
see that 
G3 OpCGF = 1. Then OpCGF ≤ OpCGE1 and so
again 
OpCGFG1 = 1 and then OpCGF ≤ ZG = 1, a contradic-
tion. So we have seen that
NGF = G3
We have that F is a Sylow 2-subgroup of CGCV Fi, i = 1 2. So by
Frattini we have that NGFi = NCGCV FFiG3, i = 1 2. This shows
that NGFi = CGFiG3, i = 1 2. If CGFi = Fi, then OpCGFi =
1 for some odd prime p. But again OpCGFi ≤ p2 and then

FOpCGFi = 1, a contradiction. So we have shown that NGF1 =
G3 = NGF2, which proves (2).
Let CGe1e2 > G3. Let N = CoreCGe1e2G3. Then by (2) N = G3, F ,
F1, F2. Hence N = e1e2. Now as F1/e1e2 is dual to F2/e1e2 as G3/F-
modules, we see that the smallest index of a subgroup of G3 not containing
F1, F2, nor F is 42. So if CGe1e2  G3 = n, then CGe1e2/e1e2 faith-
fully embeds into n and so G3/e1e2 faithfully embeds into n−1. This
shows that n > 42. As n is odd and has to divide the order of G, we get
n ≥ 45. Hence we get that e1e2 has at most 5 · 17 · 72 conjugates in G.
Now we have that CGe1e2 ∩ X ′ is of order 28. Hence in X ′ we have
exactly 32 · 52 · 17 conjugates of e1e2. Now in Xx3 , we also have the same
amount of conjugates. As X ′ ∩Xx3  = 28 · 32 ≤ 28 · 5 · 17, we have at least
62 · 5 · 17 conjugates of e1e2 in G. But 62 is larger than 49, a contradiction.
This proves (3) and we are done.
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